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CHAPTER I
INTRODUCTION

Let C be a notrempty clqsed convex subset of a real Hilbert space If and

T : C ---t If be a mapping. The set of all fixed points of 7 is called the fixd point ol
7 and denoted by .F'("). A mapprng 7 is said to be

(i) nonexpansive if
llrx - ryll < ll, - yll, Yqy e C;

(ii) quasi-nonexpansive if F(7) * a and

ll, - rull < ll" - sll, v(c,3r) e F(r) x C;

(iii) strongly nonexpansive [7] if it is nonexpansive and

"\t ll"" - !" - (Tx. - ry")ll : o

whenever {2"} and {g"} are two sequences in C such that {r,, -g,,} is bounded

and

",gx 
(tt"" - a^ll - llrq - ry"ll) : o;

(iv) strongly quasi-nonexpansive [22] if it is quasi-nonexpansive and

,lt*tt"" -rqll:0
whenever {r,,} is a bounded sequence in C such that

il* (tt"" - zll - llrx" - 'll) : o

forsomezeF(T).

It follows directly from the above definitions that

(i) if 7 is nonexpansive with a nonempty flxed point set, then ? is quasi-nonexpansive;

(ii) if 7 is strongly nonexpansive with a nonempty fixed point set, then ? is strongly
quasi-nonexpansive.
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The process for approximation of a fixed point of a nonexpansive or a quasi-

nonexpansive mappitrg is one of interesting problems in mathematics and it has been

investigated by many researchers. Wittmann [36] studied the following iteration
scheme, which was first considered by Halpern [tf]

I
) ":'ec')[ ,,*, : trn..1o -F (1 - o"11)Tc", Vn e N,

where a sequence {a"} in (0, l) is chosen such that
(Cl) lim.-- o" = Q;

(1.1)

(C2) ![,o" : m;
(C3) D:, 1o",.1 - o"l < oo,

see also Reich [23] and Xu [38]. Wittmann proved that for any 11 : c e C, the
sequence {o"} defined by (1.1) converges strongly to the unique element

Ppglz e F(7), where Pp17y is the metric projection of 11 onto F'("). Moudafi [18]
proposed the scheme which is known as Moudafi's viscosity approximation process:

( q=xec,
t ,"*, = o^I@)+ (l - a")?r*, vn e N,

(1.2)

where / '. C --- C is an o-contraction, T: C --+ C is nonexpansive with F(T) * A,

{o,,} is a sequence in (0, 1) satisfying conditions (Cl), (C2) and (C3). He proved that

{r"} defined by (1.2) converges strongly to z e F(T) and the following inequality
holds

(f (,) - ",q - z) < 0, Vq e r(").
In the literature, Moudafi's scheme has been widely studied and extended

by Cianciaruso et al. [8], Peng and Yao [20], Saejung [2a], Suzuki [26] and references

therein.

Recently, Wongchan and Saejung [37] improved and extended this resuit to
obtain a strong convergence theorem for a strongly quasi-nonexpansive mapping ?
such that 1- ? is demiclosed at zero under only the conditions (Cl) and (C2).

Very recently, Aoyama and Kimura [2] presented a strong convergence

theorem for a pair of sequences of nonexpansive mappings in a Hilbert space by the
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following iteration:

(^ 
---nt.rl-rsvi1 (1.3)I

I r"*, : 9** + (1 - ln)Sn(anz + (1 - a")T"a"), vn € N,

where {S"} and {?;} are sequences of nonexpansive self mappings of C, and {o^} and

{0"} ,r" sequences in [0,1]. They proved that {r"} converges strongly to the nearest

point of the set of common fixed points of {S"} and {[,] under some appropriate

assumptions.

A typical problem is to minimize a quadratic function over the set of the

fixed points of a nonexpansive mapping T on H:

"nt5r|@r,a) 
- lr,bl, (1.4)

where A is a certain operator on Il and b is a given point in II. Marino and Xu [16]

was combine the iterative method with the viscosity approximation method by

\: r e H, xn,,: (I - anA)Tt^+ a"tf @"), Vn e N, (1.5)

where / is a contraction on I/. They proved that if the sequence {a,} of pararneters

satisfies appropriate conditions, then the sequence {c"} generated by (1.5) converges

strongly to the unique solution of the rariational inequality

((A-1J)x",x -r') >0, x€C, (1.6)

which is the optimality condition for the minimization problem

I

"ffi, i(Ar'c) - h(c)'

where h is a potential function for 1f $.e.,h'(r):11@) for r < H).
Very recently, Tian and Jin [32, 33] studied the following iterative scheme:

(,, =, < n,( (1.7)

[r,*, : a^11(a^)+ (/ - o,A)((1 - a)I + uir)r^, Vn e N,

where / is a Lipschitzian continuous operator on I/, T : H .-. 11 is quasi-nonexpansive,

{a"} is a sequence in (0,1), and r.., € (0, 1). It is proved that the sequence {2,,} con-

verges strongly to the unique solution of the lariational inequality:
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(Q | - A)t:, a - i) < 0,Vc € C, where i - PrrnU - A + 1 f)i.
Motirated by Aoyama and Kimura [2] and Tian and Jin [32, 33], we cousider

the following iterative process:

\:x €C,

y": Pc(a"ll(r") + (/ - a*A)T*x*),

a^+t : Pc(A-x*+ 0 - A)S"y"), vn € N,

(1.8)

where .,{ is a certain operator on I/, ! : C --- If is a Lipschitzian continuous operator,

{7" , C -- ff} and {S" : C --+ H} are sequences of quasi-nonexparsive mappings,

{o"} and {f"} a.e sequences in (0,1), ard "y > 0. Strong convergence theorems of
this scheme for finding a common fixed points of {S"} and {7"} are presented. With
an appropriate setting, we shall obtain the corresponding results due to Aoyama and
Kimura [2] and Tia.n and Jin [32, 33], and many others.

The thesis is organized as follows. Chapter II contains some preliminaries

and basic concepts of normed space, inner product and Hibert space which are

essential for the study. In Chapter III, we study the iteration scheme defined by (1.8)

for a sequence of quasinonexparsive mappings and present the strong
convergence thmrems of this scheme to common fixed point of these mappings under

some additional assumption on the mappings. Application of our main results for
find a common element of the set of fixed points for a sequence of quasi-nonexpansive

mappings, the set of solutions of an equilibrium problem and the set of zero points

for the sum of two monotone mappings is showed. For the last chapter, we conclude
our results of the studies.



CHAPTER II
PR^ELIMINARIES

In this chapter, we give some definitions, notatiors and theorems that will
be used in the later chapter.

Throughout this study, we let lR and N stand for the set of real numbers

and the set of natural numbers, respectively.

2.L Normed spaces

Definition 2.1.1 ([14). Let X be a real linea.r space. A norm on X is a nonnegative

real valued function on X such that the following conditions are satisfied by a,y e X
and each scalar o:

(Nr) llzll : 0 if and only if z : 0;

(Nz) llazll : lalll,ll;

(N3) llr + sll < ll"ll + llyll (the triangle inequality).

The ordered pair (X, ll . ll) is called a normed, space. lf no any confusion arises, we

usually write the norm space (X, ll . ll) simply as X.

Proposition 2.1.2 (ll7D. A normed space X is a metric space with the metric
induced. by the norm on X defined by d(r,y) : ll" - gll for all t,y e X.

Definition 2.1.3 ([13, Definition 4.&1]). A sequence {c*} in a normed space X is

said to be sttongly conaergent (or conaergent in norm) if for every e > 0 there are

z e X aDd,.l[ € N such that

llc" - cll < e, Vn > N.

This is written lim,,*- s,, : u or simply rn + r. The element o is called lhe strong

limit of {r"}, and we also say that {a*} conoerges stmngly to z.
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Definition 2.1.4 ([13, Definition 2.]ll). A sequetrce {r"} in a normed spare X is

said to be Carchy if for every e > 0 there is an N e N such thst

llc^ - x"ll < e, Ym,n ) N.

Remark 2.1.5. Every convergent sequenc€ is Cauchy, but the converse is not true.

Example 2.1.6. Let Q be a set of all rational numbers and R\Q be a set of all
irrational nunbers. Let t € lR\Q and z* € Q be in the interval (e - ],e+ ]) for aU

n € N. Then {c"} is a Cauchy sequence in Q but not converges.

Definition 2.L.7, A normed space X is called a Banach space if every Cauchy

sequence in X converges to an element of itself.

Definition 2.1.8 ([13, Definition 1.41]). A nonempty subset C of a normed spare

X is called a bounded se, if its diameter

diamC : sup^ llc - gll

is finite. A sequence {r"} in X is called boundel if the set {rr,rr,.. .} is bounded.

Remark 2.1.9. A sequence {c"} in X is bounded if and only if there exists M > 0

such that llr"ll < m for all n e N.

Theorem 2.1.10 ([13]). Let X be a normed space. Then the lollouting holtl.

(i) A conuergent sequence in X is bounded and its limit is unique.

(ii) If a sequence {x"} in X is conaergent to x, then eaery subsequence lx*,) oJ

{rn} conuerges to same limit t.
Theorem 2.1.11 (1131). Let C be a nonempty subset oJ a normed, space X. Then C
is closed, il and only iJ the situation xn e C and xn -) , implg that x e C

Definition 2.1.12 ([13]). Let X be a normed space and a real number r > 0. The
closed, ball of X is the set {z € X : llcll < r} and is denoted bV B,(0). "Ihe unit
spherc of X is the set {x e X : llrll : t} and is denoted by S;.

Definition 2.1.13 ({131). A nonempty subset C of a real linear space is conuex if
for each pair of its points, the line segment joining them is contained in C. That is,

{cc+(1 -a)s:a € [0, 1]] cC, Yx,ye C.
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Definition 2.1.14 ([13]). Let X and Y be real linear spaces. A mapping 7 : X --+ Y
is called a lineor operutor if

T(at+v) : aT(r) +T(v), Ya,s e X a.nd o € IR.

Deffnition 2.1.15 ([13]). Let X be a real linear space. A lineor functionol f on X
is a linea.r operator from X into R.

Proposition 2.1.16 ([lI). Let X be a uormed space. Then lll"ll - llyll I S ll, - yll

whenever i,y e X. Thus, the function z r.' llcll is continuous from X into lR.

Definition 2.1.17 ([13]). Let X be a normed space. A linear functional / : X--- IR

is said to be bounded if there exists M > 0 such that

l/(r)l < ttzllrll, Yr € X.

Definition 2.1.18 ([13]). Let X be a normed space. Then the set of all bounded

linear functionals on X constitutes a normed space with norm defined by

1/1:,"p5#: sup t/(z)t
r+o lloll=r

which is called duol space of X a.nd denoted by X.. The secorul dual space of X is

the dual space (X'). of X' and is denoted by X".

Definition 2.1.19 ([13]). Let X be a normed space. For each c € X corresponds to a

unique bounded linear functional g, e X-'given by S"$): f (x) (/ e X' variable).

A mapping C '. X --- X.- defined by x r- g., C is called the canonical mapping.

Definition 2.1.20 (t131). A normed space X is said to be refieriue if the canonical

mapping C '. X --- X** is surjecti.ae.

Definition 2.1.21 ([13]). A sequence {2"} in a normed space X is said tobe ueakly

conuergent if there is an x € X such that for every / € X-,

rim /(r") : /(u).

This is written un L r or z^ \ c. The element c is called the weak lirnit of {x*),
and we say that {e"} conuerge.s weaWy to x.
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Theorem 2.1.22 (113, Theorem a.*Al. Let X be a Bonach space. If {c"} is o
shongly onoetgent sqtence, then it is ueaHy conuergent but the conlerse is not
tnte-

Theorem 2.1.23 (117, Theorem 1.10.4). A normed spoce is refledae if and only il
eoch of its bounded seqlrences hos a wetkly conaergent xtbsequence.

2.2 Inner product and Hilbert spaces

Definition 2.2.1 (1291). A real linea.r space X is ca.lled an inner product space if
there is a real valued function (.,-) defined on X x X with the following properties

for each x,g e X and each scalar a:

(IPl) (z,o) > 0 aud (r,r):0 if and only ifc:0,
(IPz) @,y): (y,rl (symmetry),

(IP3) (az,e):a\x,y),

(IPa) @ + y, z) : (r,, z) + \y, z).

(r, g) is called lhe inner prcduct of r and y.

Proposition 2.2.2 (1291). Let (X, (',.)) be an inner product space. Then (X, ll . ll)
is a normed space with a norm defined by

llrll: J@,x). (2.1)

Proposition 2.2.3 ([28]). Let X be an inner product space. If z and g/ axe any two

elements in X, then the following statements hold:

(i) lle + sll'? + ll, - yll' : z(llrll'+ llyll');

(ii) llo - yll' : ll"ll'- llsll' - 2\, - a,il;
(iii) llr + sll' < llxll2 + 2\y,r + y);

(iv) lloz + (1 - ")gll' 
: "ll"ll' + (t - o)llsll'z - a(1 - o)llc - sll2 for alt a e [0, 1].

Definition 2.2.4. At inner product space is called a Hilbert space if it is a Banach

space with the norm defined by (2.1).



Theorem 2.2,5 (113, Theorem 4.e61). ,4 Hilbert space is refiedte.

Theorem 2.2.6 (129, Theorem 5.1.101). Let {a"} and {y*} ore sequences in an inner
ptrduct space X and r,y e X. If r,. ---+ r and Un --- y, then (z",g"l ---+ (x,yl.

Theorem 2.2.7 (1291). Let C be a nonemptg closed conues subset of a Hilbert H anil

let r € H. Then therc edsts a unique element as e C uith

ll"-"oll:d@,c),

wherc d(x,C) : inf{llz - sll : s e C}.

Definition 2.2.8 (129, Definition 5.2.1]). Let C be a nonempty closed convex subset

of If and P : H ---+ C be a mapping. Then for each z € I/, there exists a unique

element Pr € C such that llz - Pxll: d@,C). Such a mapping P of If onto C is
called the metric projection onto C and denoted by Ps.

Theorem 2.2.9 (129, Theorem 5.2.31). Let C be o nonempty closeil contet subset of
o Hilbert H and let P6 be the nTetric pmjection onto C. Then the folloui.ngs holil:

llPgx - Pssll < ll" - yll for eaery r,y € H;

iJ r" - xo and Psx, ---+ ys, then Pcro : Ao',

if r€H andz€C,thenz:Psxif and only iJ

@-",u-z) <0, YyeC.

Definition 2.2.10 ([13]). An linear operator A on an inner product space X is called

strongly positiae bound,ed rf there is .y > 0 such that (,42, c) > lllrll, for all c e X.

Lemma 2.2.11 ([16]). Let A is a strongly positiue linear bound.ed opetttor on a
Hilbert space H uith coefficient f > 0 and. 0 < p < ll,4ll -t. fhen lll - pAll < t - g1.

Definition 2.2.12, Let C be a nonempty subset an inner product space X and 7 > 0.

A mapping ,4 of C into X is said to be

(l) monotone if

(i)

(ii)

(iii)

Q, - y,Ax - Au) > 0, Yr,y e C;
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(ii) j -stmngly monotone if.

l, - u, A, - As) 2 lllx - yll2,, Yr,y e C;

(iii) f -iaoerse-strcngly monotone if

(r - s,Ar - Ay) > jllAr - Ayll2, Yx,seC.

2.3 Some known facts

Definition 2.3.1. Let C be a nonempty subset of a normed spare X and .L > 0. A
mapping T : C --+ X is said to be

(i) Llipschitzian continuous if

llrz-ryll!r.llx-yll, Yx,y € C;

(ii) Lcontraction if it is Llipschitzian continuous with , < 1.

Lemma 2.3,2 (122]1). Let C be a nonempty closed conuet subset of a Hilbert space H,
T be o quasi.-noneqansiue mapping of C i.nto H and u e (O,L). Then the mapping

T.:: (l - u)I + a:f

is stmngly quo,si,-nonerpansiue and F(T): F(7.).

Definition 2.3.3. Let C be a nonempty subset of a normed space X. A mapping

T :. C - X is said to be tlemi-closed at a point p € C if whenever {c"} is a sequerce

in C which converges weakly to a point c € C and {Tz,} converges strongly to p, it
follows that 7r : p.

Theorem 2.3.4 ([10]), Let C be a nonempty closel. conuet subset of a Hilbert space

H andT be a nonerpansiae mapping oJ C into H. Then I -T is d.emiclosed at zero.

Definition 2.3.5. Let C be a nonempty closed convex subset of a Hilbert space 11

arrd let {7i} be a sequence of mappings of C into }1. The set of. cornmon fieetl point

of {71} is denore by r({7;}), that is, F({?L}) : nf=, r(4).
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Definition 2.3.6. I,et C be a nonempty closed convo< subset of a Hilbert space If
and let {7l.] be a sequence of mappings of C into 11 such that .F.({4}) + a. A
sequence {[,] is said to be

(i) strongly notrexpansive ([fl) if each 7l. is uonorpansive and

"B ll"" - ln - (Tnan - zlY")ll : o

whenever {o"} and {U,.} *e two sequences in C such that {o,, -y,,} is bounded

and

jgg (11"" - y"ll - W"a" - 
""y"ll) 

: o;

(ii) strongly quasi-nonexpaosive ([22]) if each Q is quasi-nonexpansive and

J-gtt"" -r"a"ll:o
whenever {r"} is a bounded sequence in C such that

iig ll"" - zll - llr'"s" - zll :0,

forsome zeF({:1"\).

Remark 2.3.7. lt follows directly from the definition above that if I is strongly
nonexpansive with a nonempty fixed point set, then it is strongly quasi-nonexpansive.

Definition 2.3.8. Let C be a nonempty closed convex subset of a Hilbert space 11

and let {[.] be a sequence of mappings of C into ]1 such that .F({4}) + a. A
sequence {7}} is said to satisfy

(i) the AKTT-andition(l3l) if for each bounded subset B of C,

:
)sup{11fl,11c -T^xll: r € B} < oo;
n:t

(ii) the l[.9?-con dition (ll9l) if for each bounded sequence {c,} in C,

,lr_% ll"" - 7"r"ll : o

implies a;-(2") C nf:, ,F(?;), where t:.(z^) is the set of all weak cluster points
of {2"}1
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(iii) the .R-condition (lt]) if for each bounded subset I of C,

J*1|tlla*'" -T"xll"' € B): o'

Lemma 2.3.9 ([4, Lemma 3.2]). Let C be a nonempty closed anaet subset oJ H,
{7"} be a Jomily ol moppings of C into itseff uhich satisfi,es the AKTT-andition,
then the mapping T : C --+ H defined by I

Tx: liq T"c, Yx e C., (2.2)

satisf.es

lim sup{ll?o -T^xll: r e B} :0.
^'@ reB

for each boundd subset B of C .

Flom now on, we will write ({[.,7]) satisfies AKTT-condition and ? is

defined by (2.2).

Lemma 2.3.10 ([34, Lemma 2.5]). Let C be o nonen-tpty closeil conuex subset of a
Hilbert space H, {f"} be a family of qtasi-nonetparxiue mappings oJ C into H such

that F(f"|) I a. Suppose that ({T",ll)) sotisfies AKTT-corulition,
f'(7) : f ({4}) and I -T is demi-closed, at\. Then {T"l satisfies the NST-condition

and, R- condition.

Lemma 2.3.11 ([4, Corollary 3.13]). Let C be a nonempty closed. conuet subset of a
Hilbert space H ond let {7"} be o seq ence ol quasi-nonetAarniue mappings of C into
H satistying NST-condition and F({7"}) I a. Let {5"} be a sequence oJ mappings

of C itselt defined by

s": p"r + (r - 0)r"
Jor all n € N, u/zere {0") b o sequence in fa,bl c (0,1,). Then {S"} ,s a strongly
quasi-nonetpansi.ue sequence and f (7"|): r,({S"}).

Lemma 2.3.12 ([4, Theorem 3. 1. Let C and K be a nonempty closetl conuex subset

of a Hilbert space H. Let lS"| be a strongly noneapansiue sequence of C i,nto K and

{R^) be a stmngly nonexpansiae sequence of K into H such that
r'({S"}) n r({,%}) I a Let Tn be a mappinss of K into H defined by

r" -- S"R^, Vz e N.

Then lT"\ is a stlngly nonexpansiue seqtence.
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Lemma 2.3.13 ([35, Le'nrna 2.10]). Let C and K be o nonempty closed cnnoet

srbset of o Hilbert space H. kt {S^} be o se4rence of nonanparuite moppings of
C into K and. {R^\ be a seqtence of nonerpatui.ue mappings of K into H such that

F({s"}) nr({,%}) I b anit

llR-, - "ll' < ll, - "ll' - a"llfua - all2

for all x e K, u e tr'({l%}) ond n € N, wherc {a.} is a squence iz [a, m) c (0, co).

Irtt {7"} be a seqaetce of nonetpanshte mappings oJ K into H definetl by

T,: SnR,, Vn e N.

If {5"} ond {R^} satisJying NST-conilition, then {7"} sotisfiying NST-corulition anil

r({7;}) : r({s"}) n r({8.}).

By Lemma 2.3.11 and Lemma 5.6 [35], we have the following.

Lemma 2.3.14. Let C be o nonempty closed conuet subset of a Hilbert spacc H . Let

{7"} be a seqLence of nonerparwiue mappings of C into H such thot F({T"}) * A
and{p,}beasquencei.n10,7). For eoch n e l\, a W -mapping ([30]) 4 genemted

by T",T^-t, ...,\ arul p.n,1.rn-1, ...,1.t1 is defined os follous:
U*,^+r : I ,

U"," : p.T"U"*t + $ - p,")1,

U*,.-r: !" tT" fl.,"+$- p"-)1,

(Jn,x : p*T*Un3+r + (l - 1ts)I ,

U,t,k-r: lt*-rT*-tUn.* + (1 - p*-r)I,
I

Un,2: p2T2Un3+Q- p)l ,

W^: U^t: l"tTtU*,2 + (t - p1)1.

If {p.} c (0,1), then {W"} t: a strongly nonetpatuiue sequence satisfying
NST-arutition and F(lw"|): r({4}).
Definition 2.3.15 ([28]). Let B be a mapping of // into 28, where 2E denotes the
set of all subsets of 11. A mapping B is said to be multi-uolued, mapping on H .



(i) 'Ihe effectiae domain of B is the set

{xeH:Brla}
and is denoted by dom(B).

(ii) The set of zerc points of B is the set

{zedom(B):0eBc}

and is denoted by B-t(0).

Definition 2.3.16. A multi-ralued mapping B on I1 is said to be a rnonotone

opemtor ([5]) on H if

@-A,u-?)>0, Vz,g e dom(B), ue Br all,d 1) e B!.

A monotone operator B on H is said to be macimal if its graph is not property 
l

contained in the graph of any other monotone operator B' on H .

Lemma 2.3.17 (12, Example a.2l). Let B be o mwimal monotone opetator on H
uith a zero point, {p"} o sequence oJ positiae real number, and {f"} be a sequence

defined by

7":(I+p"B)-r, Vn€N.

Then {7"} is a shongly noneqtansiae sequence. Moreoaer, i/ lim inf,-"" p* > 0, then

{7"} satisfies NST-condition and F({7"}): B-1(0).

Lemma 2.3.18 ([2, Example asl. Let A: C - H be an a- inaerse-strongly
monotone mapping such thatVI(C,A) is nonempty. Let {\"} be a sequence o!
positiue numbers such that

0 < liminf .\" ! liXlsup.\" < 2a (2.3)

and {7"} a sequence of mappings defined by T^ : Pc(I - )*A) /or n e N. Then {f^)
is a strongly nonerpansiue sequence that satisfies NST-cond,ition and
r({4}):vr(c,A).

L4
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Lemma 2.3.19 ([2, Exa,rnple a.al). Let C be o nonempty closed conuex subset of o

HilM space H. Let B : C '--+ H be an a-interse-strongly tnonotone mapping and E

be a maaimal rnonotone owmtor on H. Suppose thot (B + E)-1(0) ?r nonempty arul

{^"} is a sequence o! positiue ral numbers sotisfying 0 < inf" 
^" 

( sup",l' < 2o'

Let {7"} be a seqtence ol mappings defined, by

.r":u + LE)-'(/- r"B), vn € N. (2 4)

fhen {f*} is o strongly nonetporwiae sepence sotisfoing NST-condition ond'

r,({4}):(B+r)-'(o).
Lemma 2.g,2O (l25, Lemma 2.6]). Let {s"} be o seqtence ol nonnegatiue rcol

numbers, {1^} be o seguence in (0, 1) szch thotlirl": m, and {6"} be a sequence

of rnl numbers. Suppose that

s"+r < (1 - 1)s^ * 15^, /or oll n € N.

f lim supl,-- 6,, * 1 O for eoery subseqtence {s,o*} of {s.\ satislying

liminf(s"*11 - s"*) 2 0,

then lim,-." s, : Q.

LoioqSL
Local lnformatron

tr:s
u#i



CHAPTER III
MAIN RESULTS

In this chapter, we introduce a new general iterative algorithm for two quasi

nonexpansive sequences satisfying certain conditions and present strong convergence

theorems in which the iteration converges to a common fixed point ofthese mappings

in a Hilbert space. To this end, the following iterative algorithm is introduced:

A sequence {r"} in C defined by

h:seC,
y" -- Pc(a-tJ@") + (/ - a"A)T"x"),

a*a1 : P6(P^rn+ (t - 0)5"a"), Vn e N,

(3.1)

where C is a closed convex subset of a Hilbert space I{, {S"} a"d {4} are two
quasi-nonexpansive sequences of C into I/ such that F' :: P({S"}) n F (:f"}) + a,
/ is a r - Lipschitzian continuous operator on II with n > 0, A is an operator on

11 with 4 > 0 and 0 < ( < 1/4 such that I - p,4 is an (l - d - contraction for

every 0 < p < €, {o"} and {8"} are sequences in [0, 1] such that a,. < 7lq, and.

o<"t<nlx.

3.1 Auxiliary results

In this section, we give lemmas which are needed for proving the our main

results.

Lemma 3.1.L. Let {x"} be a sequence def.ned, by (3.1). Then {r"}, {7"r"} and

{5"A"} are boundetl.

Proof. Let z € F. For any n € N, both S, and !. are quasi-nonexpansive, we have

lla" - ,11 -- llPs(a"1f @") + (1- a"A)T^x") - P6zll

< ll""tJ@) * (I - a"A)T"r" - zll

: ll""r(.f(o") - IQD+a"(tfQ)- Az)+(I -a"A)T"x"-(I -a"A)zll
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< a"tlll @) - 7 Q)ll + a^llt I Q) - Azll + ll(I - a"A)r"a" - (I - a"A)zll
< a^1nllq - zll + a"lltf!) - Azll + (t - a'rillr^a. - zll

1 a; xllxn - zll + a"ll1 f Q) - Azll + (L - a"rillx" - zll

: (1 - a-(q - 1ar"Dllx" - zll + a-lltlQ) - Arll. Qz)

Also,

lla^+t - zll

: llPc(P$"+ (t - P")s"u") - Pczll

< p"llx" - zll + (t - p)lls"y" - zll

3 0"llr'- - zll + (1 - p")lla'. - "ll
3 \-lb" - zll + (1 - P")((r - o"(,t - rr))llc" - zll + d"ll1f Q) - Azll)

: (r - o"(1 - g^)ot - w))llx* -zll + o,(t - A^)Qt -.r*llltfQ) - A'll
7l - 'lR

Let 
'u: ,,,'*{ll', - 'u'lltJ(z) 

- Azll\'
t 'rl' \ -'r'" I'

. Clearly llrl -zll<M. Assume that ll"* - rll 1M fot some /c ) l. Since a^<llq
and0<1<qlK,weget0<a"(1 - 0")Ol - l") < I and so

l@*t - zll < (1 - a;(1 - rlr)h - 1 n))M + alt - 1i?t - y)M : M.

By induction, we have ll"" - rll 1M for all n e N and hence {r*- "} is bounded.

It follows that {r"}, {?"c"} and {S"y"} a"e also bounded. tr

Lemma 3.L.2. Let lr"| be o sequence defined by (3.1), z e F and
: suP{llz" - zll n e N}. Then

llx^+, - zll2 < (1 - r")llc, - zll2 + 1,6., Vn e N,

' 'uherc 1n: a"(t - 0"\(q - 1n) and,

t" -- ""(#id - z*-r)ru'.'urY#A +z\(tr -07'-u" - 4 
.
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Proof. From Proposition 2.23 (irt) and (3.2), we get

lly" - zll2

: llPs(aflf (r") + (1 - anA)Tnxn) - Pcrll'
< llo"(r.f(rJ - Az) + (I - o.nA)Tpn - (I - a"A)zll2

S ll(/ - a".a)?], s" - (I - a.A)zll2 +2a"(1f @^) - Az,yn - z)

< (l - a^rizllT*r^ - zll2 + 2a^(1f @") - Az,,y" - z)

< (t - a"ri2l!" - zll2 + 2aa!(x*) - tQ),y* - zl

+2a-(1f Q) - Az,y^ - zl

< (r - o"4)2llz" - zll2 + 2o',tllf (a") - J Q)lllly" - zll

+2a-@tQ) - Az,yn- zl

< (t - a"q)2lla" - zll2 + 2a^1nllt" - zlllla" - zll

+za"(tlQ) - Az,y"- z)

< (r - o"r;)2llo" - zll2 + 2a^1nMllu" - "11+ 
2o,"fi1(z) - Az,yn- z)

< (t - a"q)2llr" - zll2
/\l-2a;nMl (1 - o"(z -'trc))llx" - zll + a"llt I Q) - Azll I\./

+2a"((1f - A)2,9"- z)

S (t - 2a"(tt - y))llx" - zll2

*2a"(q - 1x)

( -@y1 - a^rc1rttz *a"qMlltfk) - Azll * ((r/ - A)z'v" - z))
\z(7r - 1n, q-1K q-'tK /
S (t - a"(a - y))llx" - zll2

-f a"(lt - 1n)

( 7"'f 
M', - 2annlMz *2o,"n'rMlltlQ) - Azll *z\(tl ' A)2,a" - zl\

\(? - ?/c, n-1K tl-1r" /
: (t - o"(7 - rr))llc" - zll2 + a^(q - ffi)d*. (J.3)

It follows from Proposition 2.2.3 (iv) that

llx.t - zll2 < llg"(r" - z) + (r - g")(S*a^ - r)ll2
< 0"llr" - zll2 + (t - g)llS^a^ - "ll'
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< 9"]1W'. - zll2 + (t - p)llv" - "ll'< 9"llr" - ,ll2/-\
+(1 -8")((1 - ""(rr - rrc))llc" - zll2 +a"(tt - r")d" )\' /: (1 - o"(L- 0)(n- rrc))llr" - zll2 +a,(t- p^)(rt-t*)6^

: (l - r")llr" - zll2 + 1n6n.

This completes the proof. tr

Lemma 3.1.3. Let {x"} be a sequence ilefinetl by (3.L). Suppose, in adi}tition, that

lim,.-- a," : 0,limsup^-- 0^ < L arul thetz arist a subsequence lr"r\ ol {a"} anil
z€F such that

liminf(llc".a1 - rll - llr"^ - ,ll) > 0.
&*oo

Then the follotring statements hold.

(i) I/ {?*} is a strcngly qtasi-nonerpansiae seqtence, then

jgg ll7',.r"* - r"*ll :0.

(ii) .ff {S"} is a sbonglg quasi-nonetparwile se4tence, then

J$lls*u* -s"*ll:0.

Prool. Since lim,.-- o,, = 0, we have

0 ( lim inf (llr"**, - zll - llc"- - zll)

: l,fl'Sr ((t - p".)(lls".s" r - zll - llr"- - ,ll)) (3.4)

< lim inf (1 - p")(lla"- - zll - llx", - zll) (3.b)

< Ulinf(l - 0") (""Jh l @",) - Arll+ (1 - o"*7)ll[.,r^* - zll - 11"". - rll)
: I*"*(t - 0'.)(lhf @") - A"ll - qllT"rr"r - zll)

+ [flinf(l - 0",)(llr",x"^ - zll - lla"- - zll)

: l*igf(l - 9^")(llT,*r*o - zll - lla", - zll)

! limsup(1 - 0")(llT",*", - zll - llc"^ - zll)

< o. (3.6)



This implies that

lln (l - p".)(llr." - zll - llTn,xn, - zll):0.

Since limsup,.-- p,n < 1, we get

J*(llr". - zll - llr",c", - rll) : o. (3.7)

Flom (3.4), (3.5) and (3.6), we obtain,

At(lly"" -,ll-llx"r -rll):0:J$(lls"^s". - zll-lla",- zll). (3.8)

It follows that

|g (lls"^u". - zll - lla", - ,ll) : 0. (3.e)

(i) Suppose that {71"} is a strongly quasi-nonexprnsire sequence. Setting

u^={ "* if n=n*forsomek'

I z otherwise.

Since {c,.} is a bounded sequence and (3.7), {i"} is bounded and

,liy""(lla" -'ll - llr"i" -'ll) : o'

Since {?"} is a strongly quasi-nonexpansive sequence,

J* ttt" - ""t"ll 
: o.

In particular,

ol* ll""_ - ?".c"*ll :0.
By using a similar method and (3.9), one can shown that (ii) is satisfied. tr

Lemma 3,1.4. Let {r,"} be a sequence defined by (3.1). Suppose, in add4tion, that

lim"-- o, : 0,0 < liminf"-- p" < limsup,,-- 0, < I and there etist a subsequence

{r",} of $"} and z € F such that

liminf(11o,...,.1 - "ll - llr", - rll) > 0.*_ca

If {:f"} or {S"} rs a sbongly quasi-nonetryarui.ue seqtence, then

olim_ ll7"^r". - ,",11 : g o"d I* llS"*u^* - s".11 : g.

20
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Proof. We shall show that limr-- llS"*g". - r".ll : 0. Ftom (3.6), we obtain

nl$(11,".*, - zll-lla", -rll):0.
Since

lls^,*r - zll2 : p^,llx^r - zll2 +(t - g^")llS*,y^,- zll2

-P^,(l - 0^,)lls*,y^, - r^,ll',

we have

8",(l- P")llS"rUu- x,.-ll2 : g*r(llr-r- zll2 -llx.r*1 - zll2)

+(1 -,6".)(llS,.^u^r - zll2 - llr"**, - zll2).

Then, by (3.9),

o$_&.(t - 0")lls",u^^ -r".ll :0.
Since 0 < lim inf"-- p" ( limsup"-- B, < 1, we get,

ol13 lls"-u". - c* ll : o. (3.10)

Case 1: Let {7l.} be a strongly quasi-nonexparsive sequence. Ftom Lemma

3.1.3 (i), we have

*[*ll4-""- -r"^ll :0.
It follows from o,. -+ 0 that

lls". - c"nll < a",lltl@",) - Ax",ll + (1 - o"-1)llQ rx^r - r*oll '-- 0.(3.11)

From (3.r0) and (3.i1), we obtain

llS"*9"* -U*ll < llS"ng"n -u"*ll + llc". -s,nll --+ 0. (3.12)

Case 2: Let {S"} be a strongly quasi-nonexpansive sequence. Form Lemma
3.1.3 (iD, we have

I* llS"*y". - s".ll :0.
It follows from o,, --- 0 that

llTn,r^*- S"^g,..ll < llT*,rnr- y^.ll + llg/,* - &*g,.ll
1 an,llATnrrn* - z,f(o"-)ll + lly". - S,.u,n ll -, 0. (9.13)
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Flom (3.10) and (3.13), we obtain

llTnrcn, - xnrll ! llT"ra^, - SnrUnrll + llS".g^* - r,"^ ll - 0.

This completes the proof.

(3.14)

D

The following lemma.s are extracted from Lemmas 5 and 6[14]. The proof
is given here for sake of completeness.

Lemma 3.1.5. Let C be a nonempty closed conuea subset of H. Let A be an opemtor

on H uith p > 0 such that I - pA is a contraction ond let w € C. Then the followings
arc eqiaalent:

(i) w: Ps(I - pA)wt

(ii) (,au,y-@) >0 for ally eC;

(in) u: Pg(t - A)w.

Such w e C alwoys erists and is unique.

PrwJ. We have that for u € C,

w:Pc(I-pA)w e lw-pAu-w,u-y)>0, YyeC
(-pAw,w - y) > 0, Vs e C

\Aw,s-w)>0, YseC

\w-Au-w,u-y)>0,, YyeC
w: PcG - A)w.

Then (i), (ii), and (iii) are equivalent. Since I - pA is a contra.ction, we see that
Ps(I - pA) is a contraction. Therefore such u.r € C exists always and is unique. tr

Lemma 3.1.6. Let f be a x - Lipschitzian continuous operator on H, A be an

operator on H uith q > 0 and.0 < € < llq such that I - pA is an (l - pri-
antraction and 0 < .l < qlK. Then there erist 11 > 0 and 0 < € S t ln such that

t - p(A-ll) is an (l - pt)-contraction lor eaery O < p < E. Furihermore, let C be

a nonempty closed, conuex subset of H. Then Ps(I - A*1f) has a unique fiied point

w e C. Thi$ point u e C is also a unique solution of the aariational inequality

{01 - A)r,q - ?r) < 0, Yq e C.
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PtooJ. Let i : rt - lx a,nd ( : {. Then O < a < l/i. For 0 < p < (-, we get

ll$ - p@- tf)io - $-p(A- ''rJDull

3 ll(I - pAb - $ - pA)v + yv(/(,) - /(y))ll
a ll1 - pA)z - (I - pA)yll + llnj@) - /(y))ll
< (t - dlla - yll + nnlla - vll
: (r - p(rt - .yr)) llr - yll

: (r - dll" - vll

for all e,y € 11. Therefore, t - p(A-l j) is an (1 -pf) - contraction. Using Lemma

3.1.5, we have P6'(1 - A+lf) has a unique fixed point u e C. This point u-r € C is
also a unique solution of the variational inequality

lQf-A)w,q-w)<0,
forallgeC.

3.2 Strong convergence theorems

Theorem 3.2.1. Let C be o nonempty closed anaer subset of a Hilbert spo,ce H,

{5"} and {T"l be two quosi-nonetpansite sequences of C into H satisfying the NST-

condition and F :: P({S"}) n F({4}) I a, f be a n - Lipschitzian continuous

operator on H uithn>0. Let A be operator onH withry)0 and1<{<Llq such

thot I - pA is an(t- pri- contraction for eaery 0 < p < {. Suppose that {a"} is

a sequence in (0,1) sotisfying lim,,-- 4,, : 0 antl D3, "" : a, and,0 <l < rtlx.
Assume one of the followi.ng corulitions hokl:

(i) {4} or {5"} is a strongly quasi-nonetpansiue sequence and, {{)"} is a sequence

in (O,l) satisfuing 0 < liminf"-"" B" ( limsup,,-*0"<t.

(ii) {7;} and {5"} are strongly qtosi-noneryansiue sequences and. {8"} is a sequence

i.n (0,1) satisfying lim sup"-- B" < 1.

Then the sequence {x"} d.efinen by (3.1.) conoerges stmngly to an element w € F and,

the follouing inequality hold,s,

tr

(bf - A).,p - ?r) < 0, Yp e F.
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Proof. Notice that F is a nonempty closed convex subset of f/. By Lemma 3.1.6,

there exists a unique element tr.r € tr' such that u: PF(I -A+ll)(w),i.e.,
ljf - A).,p - u) < 0, Yp < F. (3.1b)

By Lemma 3.1.2, we have

llr"*, - .ll' < (1 - r")llc^ - wll2 + y6n, (3.16)

for all n € N, where h: a^(l - A)(n - r), M: sup{llz" -wll: n e N} and

a* : o^(, f , -znt\tt' *2,,,'qMlltl(w) - Aull *21(tl - A)w'v^-w).
\(? - 1,c) ,/ n -.,tK rt - 1K

We show that e,, ---+ u by using l,emma 2.3.20. Since lim,.-- a," : 0 and

D3, o" : oo, we Bet DX:o?": oo and theu we only show that

limsuPd,,.: - 2 1i-r,rplhf -A)w,u^^ -u) <0,rt-o fl - 1K *-x
for every subsequence {n1} of {z} such that lim infl*-( llo,*..1 - tr ll - llo"- - roll) > 0.

Let {n1} be a subsequence of {n} such that

lim inf(llo".a1 -tull - llc"* - ?rll) > 0.kr-

Assume (i) or (ii). By Lemma 3.1.3 or Lemma 3.1.4, respectively, we have

,Jjg ll?".r". - r".ll :0 and ol* lls".s". - y".ll :0.
Because {g,,0 } is a bounded sequence in }1, there exists a subsequence {A^r,} of {y,oy
such that g",1. - g and

tigs3n((r/ - A)w,y"r - r) : ,tll:((r/ - A)w,snn, - wl. (3.17)

Since {S"} satisfies the NST- condition, we have g € .F'({S"}) Since a,.---, [,

llu"* - o"*11 < a"*lltf @"-) - Ax"Jl + (1 - a"-a)llQ.o,,* - r,.*ll --- 0
aad hence 2,,*, - q. Since {7l"] satisfies NST- condition, we have q e F(i?],]). Then

q€r({s"})nF({7;}).
It follows from (3.15) and (3.17) that

tiom-sup((1/ - A)., a", - r) : r!3((r/ - A)w, a*,, - w) : \b f - A)r, q - ?r) < 0.

This implies that limsupl*"" d",* ( 0. By Lemma 2.3.20 and (3.16) we have tn..- ul
as desired. tr
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Lemma 3.2.2. Let A be o f -strcngly rnonotone orul L-Lipschitzian continuous

ope.rttor on H uithl >0 anil L>0. Letn e (0,112) anit{:rntn{},fi}. rhen
I - pA is an (l - pfl- contmction lor eaery O < p < {.

Ptoof. For any 0 < p < ( and o,y € If, we have

ll(I - pA)a - (I - pA)sll' : ll"- y - p(Ar - Ay)ll'

: ll, - yll' - 2p(" - u, Ar - Ay) + pzllAr - Ayll2

S ll" - ull2 - 2p1lla - yll2 + p2 L2ll* - ull2

: 1t - zs1 + p'L')ll, - yll'
: (r - 4pq + p2L')ll" - yll'

< (l - 2n + p'rt' - p'rl' - zprt + p2 L2)llx - yll2

: ltr - n)" - p',t' - ot'(? - p)]ll, - sll'
< 0-n)'llr-all'.

Since 0 < pq < l, we obtain that

ll(I - pA)r - (I - pA)ull < 0 - dll, - all,

for all c,3r € 11. This completes the proof. tr

Using Theorem 3.2.1 and Lemma 3.2.2, we have the following.

Corollary 3.2.3. Let C be a nonempty closed conuex subset of a Hilbert space H,

{5"} ond {lI"\ be two quosi-nonerpansiue sequ.ences ol C into H satisfying the NST-

cond,ition antl F :: F ({S"}) n F({4}) I a, f be a rc - Lipschitzian continuotn

opemtor on H with n > O. Let A be a 1-stmngly monotone and, L-Lipschitzian

continuous opemtor onH withj>0 andL>0. Suppose that {a") is a sequence in
(0,1) satisfying lim,.-- a,. :0 anil Di, "" : a, and,6 < '7 < Jf 2n. Assume one

ol the lollowing conditi.ons hokl:

(, {4} or {S"} rs o stmngly quosi-nonerpansiae sequence and {8"} is a sequence

in (0,7) satisfying 0 < lim inf^*- B, ( limsup,-*0n < 7.

(ii) {7]"} and {5"} arc sbongly qtasi-nonespawiue se4uences and {A"} is a sequence

in (0,1) satisJying lim sup,,-- B,, . ,.



26

Then the squence fu"\ definen bg (3.1) comterges shongly to an element w e F orul

the following ineryolity holds,

(61 - A).,q - rrl) < 0, Vq e r'.

As in Lemma 3.2.2, we can rela>< an 7 which is widely whenever .A is a
strongly pcitive bounded linea,r operator on 11 as follows:

Lemma 3.2.4. kt A be a stmngly positiue boundel linear opemtor of H uith j > 0.

Let n < @,11 arut f : -i"{;,#}. Then I - pA is on (L - d'contmction lor
euery0<p<{.

Ptoof. l*t 0 < p < €.By Lemma 2.2.11, we get

ll(r - pAp-(r - pA)ull : ll(1- pA)(c-u)ll

< ll1- pAlllb - vll

< (t - dlls - vll.

This implies lhat I - pA is an (1 - p4) - contraction. tr

By Theorem 3.2.1 and Lemma 3.2.4, we obtain the following result.

Corollary 3.2,5. Let C be a nonempty closd conuet subset of o Hilbert spoce H,

{5"} and {f"} be two quasi-noneqonsioe sequences oJ C into H satisfying the NST-

cond,ition anil F :: f(iS")) n f({4}) la,Jbean-Lipschitziancontinuous
operator on H with n> 0. Let A be a strongly positiae bound,ed, linear operator on H
uith 7 > 0. Suppose that {a"} is a sequence in (0,1) satisfuing lim,.-." a" : 0 and

D,-4, o" : a, antl 0 < I <71x. Assurne one of the Jollowing conditions holil:

(i) {q} or {5"} is a strongly quosi-nonetparuiae sequence and. {8"} is a sequence

in (O,I) sotisJying 0 < lim inf,-- B" < limsup"-*Pn < l.

(ii) i7,,) ond {5"} are stmngly quasi-nonerparniae se4uences and. {8"} is a sequence

in (0,1) satislying lim sup".-- B,, < 1.

Then the sequence {x^} defined by (3.1) conuerges strongly to an element w e F anil
the following inequality holds,

(bf - A)w,q - ?r,,) < 0, Yq e F.
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When S" : I a.nd 9":0 in Theorem 3.2.1, we have the following result.

Corollary 3.2.6. Ict C be a nonempty closel conaer sttbset of a Hilbert spoce H ,

{:f"} be " strongly quasi-noneapataiue seE)ence oJ C intn H satislying the NST-

corulition and F({f"}) + a, f be a n - Lipschitzian antinuous opemtor on H ui.th

n>0. Let Abe an operator on H uithrl>0 ond 0 < € < llr1 such that I - pA

is an (l - p4)-conbtction tor euery 0 < p < e. Suppose that {o"} is a seguence in
(0, l) satisfying lim,"-- o" : O onil Di, o" : a, antl 0 < 1 < rl / K. Let {a"} be a

sequence defined by

1,,:,ec,
Ir"*, : Ps(a^1J@) + (I - a^A)T^x^), vn e N.

(3.18)

Then the sepence {r^} conuerges strongly to an element w e F ({7"}) and the

Jollouing inequality holds,

(01 - A).,q - ?r) < 0, Vq e r({z}}).

By Corollary 3.2.6 and Lemma 3.2.2, we obtain the following result.

Corollary 3.2.7. kt C be a nonempty closed conoea subset ol a Hilbert space

H, {7"} be a sbtnglg quasi-nonerpansiue sequence satisfying NST-cond,ition and

.F'({4}) +q, f beorc - Lipschitzian continuous operator on H with n> 0. LetA
be a J-shongly monotone and L- Lipschitzian continuors oryrator on H uith j > 0

and L > 0. Suppose that {a"\ is a sequence in (0,1) satisfying lim,-"" o" : Q

and lirna : @, and 0 < I < 712n. Then the sequence {x.} defineil Dy (3.18)

conuerges stronglg to rr,, € F. ({4}) and the following i.nequality hold.s,

(bf - A).,q - rrl) < 0, vq e F({r"}).

By Theorem 3.2.6 and Lemma 3.2.4, we obtain the following result.

Corollary 3.2.8. Let C be o nonempty closed conuet subset of a Hilbert space

H, {7"} be a strcnglg quosi-nonerpansioe sequence sotislying NST-condition and,

.F({7;}) * A, f be a rc - Lipschitzian continuous operdtor on H uith x > 0. Let A
be a shongly positiue boundd linear opemtor on H uith j > 0. Suppose thot {a"} is

a sequence in (0,,l) satislying lim"r- a", :0 and, D[, o" -- a, and,0 < I <11n.
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Then the sequene lx"\ defined Dg (3.t8) oonaerges sbongly to w e F({7"}) anil the

follouing ineqnlity holds,

(bf - A)w,q - ?r) < 0, vq e F({e}).

Theorem 3.2.9. Let C be a nonempty closed conlex subset of a Hilbert space H,

{7"} be a sequence of quosi-nonetpansioe mappings ol C into H sotistyi,ng the NST-

condition and F({f"}) + a, I be a n - Lipschitzian continuous opemtor on H uith
n>0. Let Abe an operrtor onH withq > 0 ond 0 < € < lfq such that I - pA

is an (l - pq)-contraction for eaery 0 < p < {. Suppose that {a"} and {0n} ore a

seq-Lences in (0,1) satisfying lim,.-- 4,, :0 andD}ro,*: m, 0 < lim inf,,-- 0" <
lim inf"-- 0" < l, and 0 < I < nlx. Let {x"} be a sequence def,ned bg

rr:a€C,
an: 1nxn + (l - B")T"x",,

xnal: Ps(aflf(o") + (1 - a"A)a"), Vn € N.

(3.1e)

Then the seEuence {x*} conuerges shongly to an element w e F({7"}) and the

Jollowing inequality hokls,

\QJ - A).,q - ?r) < 0, Vq e r'({zl,}).

Pmof. Set 3" = t, i": P^I + (l - P)f^, dn = an and p" : 0. Define a sequence

{e"} bv

it:qeC,
fi" : Ps(6n J @^) + (I - a"0t"i"), (3.20)

i^$: Pc(i^i^+ (1 - A)3"4), vn € N.

By Lemma 2.3.11, {4} is a strongly quasi-nonexpansive sequence and

f({i"}) : F({4}) Moreover, the iterative schemes (3.19) and (3.20) are equivalent.

Applying Theorem 3.2.1, we conclude that {c"} converges strongly to an element

u, € F'({4}) and the following inequality holds,

Dforallqer({4}).

(QJ-A)w,q-w)!0,
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By Theorem 3.2.9 and Le,n na 3.2.2, we obtain the following result.

Corollary 3.2.1O. Let C be a nonenptg closeil conoex nfiset o! o Hihefi spoce H,

{7"} be a seErcnce oJ qnsi-nonatpawfue mappings of C i.nto H sotisfying NST-

corulition ond F({7"}) I a, f be o n - Lipschitzian antinuoru operator on H uith
x ) 0. Let A be a f -stmngly moflotofle and L-Lipschitzian continuous opetutor

onH uith j>0 onil L > 0. Suppose that {a"} and {8"} ore a sewences in (0, 1)

sotisfying\m--* a":0 anilD:r (}4: oo,0 < liminf"-- B" < liminf"r- B" < 1,

and 0 <.t < 112K. Then the sequence {c"} defined Dy (3.19) u)nl)erges shonglg to

w e F({7"}) and the following ineqtnhty holds,

lbj -A).,q-u) <0, vqe r'({r"}).

Remark 3.2.11. When ?" : ? and gn: u € (0, 1) in Corollary 3.2.10, then result

extends and improves [32, Theorem 3.1].

By Theorem 3.2.9 and Lemma 3.2.4, we obtain the following result.

Corollary 3.2.12. Let C be a nonemptg closd conuex subset of a Hilbert space

H , {7"} be a strongly quasi-nonetpawhte sequence sotistying NST-cond.ition and.

P({4}) la, f bean- Lipschitzian continuous opemtor on H with n > 0. Let A
be a shongly positiae bounded lineor opemtor on H with j > 0. Suppose that {a"}
and. {p"} are a sequenc* i.n (0,1) satisfying lim.*"" a" : O and, D3, o,. : -,
0 < timinf"--B" < liminf,,r-f,, < I, antlO < 7 < jl rc . Then the sequence {x^}
d,efined, by (3.19) conuerges strongly to u € .F({4}) arul the followi.ng inequality

holds,

(6f - A).,q - ?r) < 0, Vq € F({4}).
Remark 3'2.13. When T^: T and 0n: u € (0, 1) in Corollary 3.2.12, then result

extends and improves [33, Theorem 3.1].

When.4: / and'I: 1 in Theorem 3.2.1, we have the following result.

Theorem 3.2.14. Let C be o nonempty closed. conoex subset oJ a Hilbert space H,

{5"} and {f"} be two quasi-nonespansiae sequences oJ C into H satisfying the NST-

condition arul F :: P({S"}) n F'({4}) + a, I be o x - contmction continuous

opemtor on H utith t< > 0. Suppose that {a"} is a se4uence lz (0, 1) satisfying
Iim,,-- o,, :0 anil D3, o" : @. Assume one of the follouing arulitions hold:
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(i) {4} or {S"} rs o stmngly qzasi-nonea?onsiue sequencc ond {P"} is o seqrence

in (0,1) satistying 0 < Iim inf,"*- p" < lim sup*-"" B," < 1.

(ii) {4} ond {5"} arc stronglg qnsi-nonetVansiae seqtences and {p"} is a seEtence

in (0,1) satbfying lim eup.-- Ptr 4 l.

Let {x"} be o sequence ilefined by

\:oeC,
y^: Ps(a^J(r*) + (1 - o")[-,o"),

aoal: Ps(B^x*+ (t -0")s"s"), vn € N.

(3.21)

Then the seqtence {x^} anaerges stmnglg to an element u e F ond the followi,ng
ineryality hokls,

(f(w) - w,q-?r) <0, Vq€ F.

Since every strongly nonexpansive sequence with a nonempty common fixed
point set is strongly quasi-nonexparsive, we obtain the following result.

Corollary 3.2.15. Let C be a nonempty closed, anuex subset of a Hilbert space

-Il, {S"} and {7"} be two nonetpansiue sequences ol C into H satisfying the NST-

arulition ond F :: r({S"}) n f({4}) I a, f be a x - Lipschitzian continuorn

opemtor on H uti.th x > 0. Suppose thot {a"} i,s a sequence in (0, 1) satisfying

lim,.-- 4,. : 0 arul DL, o" : q. Assume one of the folloruing conditions hokl:

(i) {4} or {S"} rs a strongly nonetpansiue sequence and \p"} is a seqtence in
(0, 1) satuJying 0 < lim inf"-- B" < Iim sup,-- B" < 1.

(ii) t4) and {5"} are strongly nonetpansiue sequences and, {0"} is a seqyence in
(0,1) satisJying limsup"-- B" < 1.

Then the sequence {r"} d.efined, by (3.21) conuerges strongly to an element w a F
ond, the Jollowing ineqnlity hokls,

(f(r) -*,q-u,) < 0, Vqe F.

Remark 3.2.16. Our Corollary 3.2.15 extends and improves [2, Theorem 3.1] in the
following way:



(1) The B-condition is removed.

(2) The restriction condition

jIgr" :0 or 0 < ,pl*a < um"*3nf" < t
is weakened and replaced by limsup^-- B" < 1 whenever {S"} a"d {""} are

both strongly nonexpansive sequences.

(3) The class of contraction mappings is wider than the class of constant mappings.

When S" : 1 and 0" : 0 in Theorem 3.2.14, we have the following result.

Theorem 3.2.17, Let C be a nonempty closed anuec subset ol a Hilbert space

H, {f"} be shongly qtasi-nona7onsiae sequence of C into H sotisfying the NST-
corulition and F(f"\) + s, f be a n - contraction continuorn oryrator on H with
x > 0. Suppose that {a"} is a sequence iz (0, l) satisfying lim,,-- o,. : 0 and

DLr o" : q. Let {x^} be a sequence d,efined by

l',=""'
lr"*, = Pc(o.lb,)+ (t - o")?},o,), Vn € N.

(3.22)

Then the sequence {x.} conaerges strongly to an element w e F ({7"}) and the

Jollowing inequality holds,

(f (.) - r,q - 2r) < 0, Vq e r({4}).
When [ = 7 in Theorem 3.2.17, we have the following result.

Corollar5r 3.2.18 ([37, Theorem 3.ll). Let C be a nonempty closed conaex subset of
a Hilbert space H, T be a strongly quasi-nonexpansiue mapping of C into H such that
I -T is o demiclosed, at zerc and. F(T) / a, f be a K - contmction continuous operator
on H with x > 0. Suppose that {a"} is a sequence in (O,l) satisfyi.ng lim,,-- a,. : 0

and liton = @. Let {x^} be o sequence definetl by

(
)"='ec'I
[r"*, : Ps(a"f (x") + (1 - a")To"), Vn € N.

Then {r^} conuerges stmnglg to w e F(T) arut the following inequality hold,s,

(f (r) - w,q - u) < 0, Vq e r(").



3.3 Applications

Let C be a nonenpty closed convex subset of a Hilbert space If. Let
g:C xC --+Rbeabifunction and let.4: C ---+ H be a nonlinea.r mapping. Then,

we consider the following equilibriutn problem:

Find z€C such that Sk,y)+ lAr,y- z) > 0 for all ye C.

The set of such z is denote by EP(g,A), i.e.,

(3.23)

EP(s, A) : {z e C : s(z,s) + (Ar,a - z) > 0 for al\ y e C}.

In the case of A:0, EP(g,A) is denoted by EP(g). In the case of 9:9, EP(9,A)
is denoted by VI(C,A). The equilibrium problem is very general in the sense that
it includes, as special case, optimization problems, lariational inequalities, minimax

problems, the Na.sh equilibrilm problem in noncooperative games.

For solving the equilibrium problem, Iet us assume that the bifunction g :

C x C --+ IR satisfies the following conditions:

(Al) 9(z,u) :0 for all c € C;

(A2) 9 is monotone, i.e., g(r,y) + S(a,t) < 0 for all r,g € C;

(A3) g is upper-hemicontinuous, i.e., for eanh t,y,z € C,

limsups(tz + (l - t)t,y) < s@,y);
,+0+

(Aa) g(r, .) is convex and lower semicontinuous for each c € C.

The following lemma was given in Combettes and Hirstoaga [9] and Takahashi, Taka-

hashi and Toyoda [27].

Lemma 3.3.1. Let C be a nonemptg closed, conaex subset ol a Hilbert space H .

Assrme that g: C xC--- lR satisfes conilitions (Al) - (,44). For r > 0, d.efine a

mapping T, : H --- C as Jollows:

r,, : l, < C : s(z,y)* i(r- z,z - x) > 0, ys e C\

Jor all a € H . Then the folloui.ng hokl:
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T, is single-ualued;

T, is a firmly nonexpansiue mapping, i.e., Jor all t,y e H,

llT,x - T"ull2 < lTa - T,u, z - yl;

(3) r(?;) : sP(s);

(l) EP(g) is closed and anues.

We ull such T" the rcsolaent of g for r > 0.

Lemma 3.3.2 ([35, Le-'"a 4.4]). kt C k a nonernpty closed conuet subset of o
Eilbert space H,let g:C x C --R sotisfying conditioru (41) - (44) orul letr >0.
Let a > 0 and let A be an a-interse-stronglg monotone mapping of C into H utith

EP(s,A) + a, then

llr,Q - rA)r - ull' < ll, - ull' -'z";!ilT,U - rA)x - xll2

Jor dlx€C andu e FQ,g -rA)): EP(g,A). Furthermore, if 0 <r <2a, thert

:1,(I - rA) is a nonetpatuiue mapping of C into itse$.

Lemma 3.3.3 (t35, Lemma 4.51). Let C be a nonempty closed, conuex subset of a
Hilbert space H, let g be a bifunction Jrcm H x H into W satisfying (Al) - (A4).

Let A be an a-inuerse-strongly monotone mapping oJ C into H with a > 0 and

EP(g,A) + a. Let {R^} b" d" sequence of rnappings oJ C into itseff defined by

R^ --7,"(I - r"A),

for all n e N, uhere {r"} is a sequence in (0, m) satisfging lim inf,.-- r,, > O. Then

{R^} ls a strongly nonetpansiue sequence satisfying NST-condition and,

,F,({&,}) : EP(s,A).

Now, we apply Theorem 3.2.6 to the following strong convergence theorem
for finding a common soiution of a common fixed point problem for a sequence of
nonexpansive mappings and of an equilibrium problem for a bifunction in a Hilbert
space.

(1)

(2)
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Theorem 3.3.4. Let C be a nonemptg closed conoex subset ol a Hilbert space H.
Let g be a bifunction lrom C xC into R sotisfying onditions (At)-(A\. LetA
be an opemtor on H uith q > 0 andO < ( < 1lq such that I - pA is an (t - pd-
contraction for euery 0 < p < { and, B be an a-inoerse-strongly monotone ma.pping

oJ C into H. Let lT"\ be a se4nence of nonetpansiue mappings ol C into H such

that Q: F(f"|)nEP(g, B) I s anil f be o x- Lipschitzion antinuous opemtor on

H ttithx>0. Let {p.} be a sequence in (0, 1). Let W^ be a W-mapping oJ C into
H genemtel by Tn,To-1,...,71 and p.,1.r.^-1,..., h. S1ryWse that {a"} is a seEtence

in (0,1) such thatlim--* a^ : 0 and DL, o" : co, {r"} is a sequence in 1c.,fi tor
some c,d. e (0,2o), orul\ < 1 < qlx. Let {x"} and, lu^} be sequences generated by

\:te C and

lofr..,u) + \Br^,y- u,,) + *(s - 11 ,1'.- -r*) > 0, Ya < c,

lr*, = Pcr.*tf @^) + (I - a-A)w.u,), vn e N.
(3.24)

Then both {x.} ontl lu^\ anverge strongly to w e Q, which i* the unique solution of
th e u ari atio n al in equ ality

\(A - 1f)w,w - q) > 0, Vq e o.

PmoJ. Let R^ = f,^U - r.B)x^ and f : W^R^. By Lemmas 2.3.13, 2.3.14 and

3.3.3, we Cet {e} is a strongly nonexpansive sequence satisfying NST-condition and

r({i"}) : F({w"})nEp(s,B): r({A}) nEp(s,B) f o. Moreover, the
sequences {2"} and {u,,} defined by (3.24) can be rewrite by

(
)u:aec,
[r**, : Pc(l,^'tl@) + (I - a^A)i,r^), vn e N.

(3.25)

Applying Theorem 3.2.6, we conclude that {r"} and {2,,} converge strongly to u € O,

which is the unique solution of the riational inequality

((A- 1f)w,u - s) > 0, Vq e o.

tr

By Theorem 3.3.4 and Lemma 3.2.2, we obtain the following result.
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Corollary 3.3,5. Let C be a closed conuer subset of a HiJbert space H. Let g be a

bifunction Jrom C x C into R satisfying (AL) - (A4) . Let A be o 1 -strcngly rnonotone

and L-Lipschitzian continuotts operator on H and B be an a-inoerse-strongly

rnonotone mapping of C into H . Let {7"} be a sequence oJ nonetpansioe rnaryings
oJ C into H such thot 0 : ,F'({4}) n EP(9,B) + a ond f be a n- Lipschitzian
antintous opemtor on H uith x > 0. Let {p"} be a sqtence in (0, 1). Let W* be

o W-mapping olC into H gateruted WTn,Tn-t,...,71 ond p^,1-t -1,...,pl. Suppose

that {a"} is o sequence in (0,1) such thatlum--*a*:0 arul D3, "" : oo, {r"}
is a sequence in lc,S for some c,d, € (0,2o), and 0 < "t < 112n. Then both {x*}
and, {u.} defined by (3.24) conaerge strongly to w e Q, which is the unique solution
of the aariational inequality

\(A- 1f)w,w - q) > 0, Vq e o.

By Theorem 3.3.4 and Lemma 3.2.4, we obtain the following result.

Corollary 3.3.6. Let C be a closed conuex subset ol a Hitbert space H. Let g be a

bifunction from C x C into R. satisfuing (AL) - (A4). Let A be a strongly positioe

bouruled linear opem,tor on H uith j > 0 and B be an a-inuerse-strcngly monotone

mopping oJ C into H. Let {f"} be a sequence of nonetpansiue mappings of C into
H such that O: r'({4}) nEP(g,B) I a and J be a x- Lipschitzian continuous

opemtor on H uith rc > 0. Let {W} b" o sequence ia (0, 1). Let W. be a W -mapping

of C into H generated by :I",T"-t,...,7t arul pn,1tn-y,..., p1. Suppose that {a^} is

a sequence in (O,7) such thatlim*-*a*:0 ond. D3, ",. : oo, {r"} is a sequence

in lc,dl Jor some c,d, e (0,2a), and0 <1<jlt<. Then both {2"} and, {u^} def,ned

by (3.2\ conuerge strongly to w € Q, which is the unique solution of the uariational
inequality

l(A - 1l)u,w - q) > 0, Vq e Q.

When I = 0 in Theorem 3.3.4, we have the following result.

Theorem 3.3.7. Let C be a closed, conuex subset of a Hilbert space H. Let g be

a bifunction from C x C into R satisJying (A1) - (A4). Let A be operator on H
trith 11 > 0 and, 0 < t A tlq such that I - pA is an (l - pfl- mntraction for euery
0 < p < {. Let {7"} be a seqtence of nonerpansiue mappings of C into H such that
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o : f'({4}) n EP(g) I a arul f be a n- Lipschitzian antinuous operator on H
with n > 0. Let {p^} be a seguence in (0, 1). Let Wn be a W -mopping of C into H
generotel, by Tn,Tn;,...,71 and p,.,1.t -y,...,p1. Suppose thot {a"} is a seqrence in
(0, 1) suclr t[ol lim.-- o, : 0 anil Di, a" : -, {r"} is a seqrence in lc,dl for
some c,d e (0,2a), and,0 < 1 < qlx. Let {x"} ond {w} be sequences genemted bg

h:x €C ond

I s@*,il+ ](u - , -,*) ] o, Yv e c,

lr"*, : P6@;!(r.\ + (I - a.A)w*u,;, vz e N.
(3.26)

Then both {x"} arul {u-} conaerge stmngly to w e Q, uhich is the uniqte solution ol
th e a oriati on al in eryalitg

((A - 1f)w,u - q) > 0, Vq e o.

By Theorem 3.3.7 and Lemma 3.2.2, we obtain the following result.

Corollary 3.3.8. Let C be a closed. amtet subset oJ o Hilbert spoce H . Let g be a

bifunction from C xC into R satisfying (,41)-(,44). Let A be a 1-shongly monotone

and L-Lipschitzian mntinuous opemtor on H uith f > 0 and L > 0. Let {7"} be

sequence of nonerponsiue mappings of C into H such thatQ: F(|lf"j)n E P(g) + o
and f be a x- Lipschitzian continuous operator on H ai.th n > 0. Let {p"} be a

sequence in (0, 1). Let W" be a W -mopping oJC into H generated bU 7",7"-r, ...,Tt

and y,n, 1tn-1, ..., p1. Suppose that {a"} is a se4uence in (0,l) such thot lim"*- o" : Q

andliroa : @, {r"} is a sequence in lc,dl lor somec,de (0,2a), andl <1<
112n. Then both {a"} and {u"} defined by (3.26) conuerge strongly to u eQ, which

is the unique soLution of the uanational ineryality

\(A- 1f)w,u - q) > 0, Vq e o.

By Theorem 3.3.7 and Lemma 3.2.4, we obtain the following result.

Corollary 3.3,9 ([21, Theorem 3.ll). Let C be a closel conaea subset of a Hilbert

space H. Letg be a bifunction Jrom C xC into N, satisfuing (Al) - (A4). Let Abe a
strongly positiue bound,ed linear opemtor on H with j > 0. Let {7"} be a sequence of
nonetparuiue mapyings of C into H such that0: F({7"}) n EP(g) I a and, f be a
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K- Lipschitzian continuolls opemtor onH wi.thn > 0. Let {p^l be a sequence iz (0, 1).

Let Wn be a W -mapping of C into H genemted bg Tn,T*-1,...,71 and p,., pn-1, ..., tt;,.
Suppose that {4"} rs c sequ.ence in (0, 1) srclr thatlim^-*a^: O andD}to.,-: @,

{r"} ts a squence infc,dl for somec,de (0,2a), arul0 <1<jln. Then both {a"}
and {u^l ilefined by (3.26) comerge strongly to w € Q, uhich is the uniqr,e solution

oJ the aariotional ineryalitg

((A - 1J)u,w - q) > 0, Vq e Q.

By Theorem 3.2.1 and Lemma 2.3.19, we obtain the following result which

is a strong convergence theorem for finding a common solution of a common fixed

point problem for a sequence of quasi-nonexpansivs ma,ppings and of a monotone

inclusion problem for the sum of two monotone mappings in a Hilbert space.

Theorem 3,3.1O- Let C be a nonempty closed anuea subset ol a Hilbert space H,

{5") be o quasi-nonerpansiue sequene oJ C into H satisfying the NST-andition. Let

A be an orymtor on H uithq>0 anil0 < € < Lln such thot I - pA b an(l- p)-
mntraction for el)ery 0 < p < { and B be an a-inuerse-strcngly monotone mopping

oJ C into H and E be a ma,rimal nl.onotone operator on H such that

o : r({s"}) n (B + E)-1(0) + a. Let f be a n - Lipschitzion continuolts

opemtor on H. Suppose that {a"} is a sequence in (0,1) satislging

lim.-- o" : 0 and' DLr o" : o", {}"} be a sequence oJ positiue real numbers

satisfying 0 < liminf"-- )" ( limsup"-"" )n < 2a, arul0 < 1< qf x. Assume one

of the follotring conditions hold:

(, {p"} is a sequence in (0,7) satisfying 0 < lim inf,-- B, < limsup,-* B,, < 1.

(ii) { S" } is a strongly quasi-nonerpansiue sequences and {13"} is a sequence in (0 , l)
satisfying lim sup,-- B" < 1.

Let {r"} tlefined by

at: x e C,

y,: Ps(a^1f(a") + (/ - a"A)((I + ),E)-1(1 - )"8))o"),
cnal -- Ps(P^rn+ (t - 0")s"sJ, vz e N.

(s.27)
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Then the seqrence {r*} coruterges sbongly to on element u e dl and, the Jollowing
inequality holds,

(Qt - A)w,p - u) < 0, vp e o.

By Theorem 3.3.10 and Lemma 3.2.2, we obtain the following result.

Corollary 3.3.11. Let C be a nonemptg closed anuet subset of a Hilbert space H ,

{S"} Dru qnsi-nonetpansioe se4rene ofC into H sotisfying the NST-condition. Let

A be a j-stmngly mnnotone and L-Lipschitzion continuots op.mtor on H uith 1 > 0
arul L > 0. Let B be an a-inuerse-stmngly monotone mapping of C into H and E be

a motimal monotone opemtor on H such thatQ: r'({S"}) n (B + E)-t(O) + @. Let

J be o n - Li.pschitzian continuous opemtor on H with n > 0. Suppose that {a"} is

d sequence in (0,1) satistyi.ng lim,.*- a,, : 0 and D3, o" : oo, {}"} is o sequence

of positile rcol nunbers satisfyi,ng [ 4 lim ia;[,,-- \ < lim sup"*"" )n < 2a, and

0 < I < 112n. Assume one of the following cond,itions hold:

(i) {8"} is o sequence in (0,7) satisfying 0 < lim inf,,-- B^ < lim sup"-"" p" < 1.

(ii) {S"} is o strongly quasi-nonerpansiae seqtrencts and {8"} is a sequence in (0,1)

satisfying lim sup"-- P" < 1.

Then the sepence {x"} defined. by (3.27) conael96 strongly to an element w e I
and the following inequality holds,

(01 - A).,p - trr) < 0, Vp € O.

By Theorem 3.3.10 and Lemma 3.2.4, we obtain the following result.

Corollary 3.3,12. Let C be a nonempty closed conaex subset ol a Hilbert space H,

{5"} be o quasi-nonerpansioe sequence of C into H satisfying the NST-condition.

Let A be a strongly positiae bouruled linear operator on H utith 1 > 0 and, B be an

a-inaerse-shongly monotone mapping of C into H, and, E be a mwimal
monotone opemtor on H suchthatQ: r'({S"})n(B+E)-'(0) I a. LetJ bean-
Lipschitzian mntinuous opemtor on H with rc> O. Suppose that {a"} is a sequence

in (0,7) sotisfuing lim,,-"" o, :0 arul D[r "" : oo, {L} is a sequence ol positiue

rca,l nurnbers satisJying 0 < liminf"-"" L < limsup,*-.\, <2a, and,0 < I < 1ln.
Assume one of the following corulitions hold:



39

(, {8,,} is a sequence in (0,I) satisfuing 0 < lim inf,,,-- 0, < lim sup.*- p" < 1.

(ii) {S"} is o sbongly quasi-nonerpansioe sequences onil {p"} is a sequence in (0,1)

satisfying limsup"*- P, < l.

Then the sequence {x"} definen bg (3.27) converges shortglg to an element w e {l
and the following inequality holds,

(QJ - A)w,p - w) < 0, Vp e O.



CHAPTER TV
CONCLUSIONS

We summarize results as follow:

Let C be a nonempty closed convex subset of e Hilbert space I/, {S"} and {q}
be two quasi-nonexpansive sequences of C into 11 satisfying the NST-coudition

and F :: r({&}) n f ({4}) + a, f be a r - Lipschitzian continuous operator

on I{ with r > 0. Let.A be operator on }1 with4> 0and0 < ( < 1/4 such

that /- pAban(t- d- contraction for every 0 < p < (. Suppose that

{o"} is a s€quence in (0, 1) satisfying lim,"-- o,. : 0 and D3, o" : oo, and

0 < I < rllo.Assume one of the following conditions hold:

(i) {4} or {S"} is a strongly quasi-nonexpansive sequence and {B"} is a
sequetrce in (0, 1) satisfying 0 < lim inf"-"" B" < limsup"-"" p" < 1.

(ii) {4} and {S"} are strongly quasi-nonexpansive sequences and {ft} is a
sequence in (0, 1) satisfying lim sup,-- B,, < 1.

Let {r"} be a sequence defined by

\:xeC,
y": P6(a;l@") + (1 - a"A)T"t"),

xnal: Ps(pnxn+ 0 - A)S"a"), Vn e N.

Then the sequence {r"} converges strongly to an element rr e -t, and the

following inequality holds,

(@f - A)w,p - wl ! 0, Yp e F.

Let C be e nonempty closed convex subset of a Hilbert space 11, {7l.] be a

strongly quaslnonexpansive sequence of C into 11 satisfying the NST-condition

and F({e}) + a, f be ar- Lipschitzian continuous operator on I/ with rc > 0.

Let A be an operator on If with q > 0 and 0 < € < l lq such that I - pA is an
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(t- d - cotrtraction for every 0 < p <{. Suppose that {a"} is a sequence in
(0, 1) satisfying lim.-- o,, : 0 and D3, a" : oo, aod O <'l < qln. Let {o"}
be a sequence defined by

(_ _^--

[r"*, : Pg(Q^1J@; * (I - a,A)T^r,), Vn e N.

Then the sequence {o"} converges strongly to an element tr e f'({7},]) and the

followiug inequality holds,

\hl - A)u,q - ?r) < 0, vq e r({71,})

Let C be a nonempty closed convex subset of a Hilbert space 11, {f"} be

a sequence of quasi-nonexpansive mappings of C into If satisfying the NST-

condition and ,F'({Z}}) I a, f be a rc - Lipschitzia.n continuous operator on If
with rc >0. Let.4 be an operator on I/ with 4 > 0 and 0 <€<lln such that
I - pAis an (l - pfl - contraction for every O < p < (. Suppose that {o"}
and {p"} a,re a sequences in (0, 1) satisfying lim,-- o,. : 0 and DLr a" : m,
0 < lininf"--f" < liminf"-- 0" < t, and 0 < 1 < nll. Let {2"} be a
sequence defined by

cr--IeC,
a^: P^r.+(L- 0")7"x",

xa1 : P5(a*1J(c") + (1 - a*A)u^), vn € N.

Then the sequence {r,.} converges strongly to an element ar e ,P({Q}) and the

following inequality holds,

(bl - A)*,q - ?r) < 0, vq e r({2"})

Let C be a nonempty closed convex subset of a Hilbert space I/, {S"} -rd
{""} be two quasi-nonexpansive sequences of C into }I satisfying the NST-

condition and F :: f'({S"}) n lr ({4}) + o, f be a rc - contraction continuous

operator on I/ with rc > 0. Suppose that {o"} is a sequence in (0, 1) satisfying

Iim,,-- o,. : 0 and DL, "" : oo. Assume one of the following conditions

hold:
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(i) {?}} or {S"} is s strongly quasi-nonexparuiive sequence and {ft} is a
sequence in (0, f) satisfying Q 4 lim iqf,*- Bo ( lim ssp"*- p,, 4 1.

(i, {4i ard {S"} are strongly quasi-nonexparuive sequences and {p"} is a
sequence in (0, 1) satisfying lim sup"-- p" < 1.

Let {o"} be a sequence defined by

\:CEC,
y"-- P6(a"f(x") + (t - a")4,2"),

xnal : Ps(Bntn+ (1 - 0)5"y"), Vz e N.

Then the sequence {c*} converges strongly to an element u € f' and the

following inequality holds,

(f (r) -.,q - u) S 0, Yq e F.

Let C be a nonempty closed convex subset of a Hilbert space Il. Let g be

a bifunction ftom C x C into IR satisfying conditions (A1) - (A$. Let A
be an operator on I/ with 4 > 0 aud 0 < € < 1/4 such that / - pA is at
(L - pr)- contraction for every 0 < p < ( and B be an a-inverse.strongly

monotone mapping of C into H. Let {""} be a sequence of nonexpansive

mappings of C into If such that O : F'({?}}) n E P(s, B) + a arld I be a n-

Lipschitziar continuous operator on If with x > 0. Let {p"} be a sequence in
(0, 1). Let W"be a W-mapping of C into 11 generated by 7",7";,...,?r and

ltn, ttn-t, ..., ltt. Suppoee that {o"} is a sequence in (0, 1) such that lim,,** a,, :
0 and f,*-4, o" : m, {r"} is a sequence in [c, d] for some c, d e (0,2o), and

0 < I < rl I o. Let {2"} and iu"} be sequences generated by q : a € C and

(
ls(r'",il+\Bx",a -u") + *@ -un,l,"- "") ) 0, Yy e C,
I
Ir,*, : Ps(a"1[@") + (l - o"A)W"u"), vn € N.

Then both {c"} a.nd {2",} converge strongly to ?, € O, which is the unique

solution of the variational inequality

\(A - 1f)w,w - q) > 0, vs e o.
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Let C be a nonempty closed convex subset of a Hilbert space If, {S"} be a
quasi-nonexpansive sequence of C into I/ satisfying the NST-condition. Let -4
be operator on F/ with ? > 0 and 0 < € < lln such that I - pA is n (L - pi
- contraction for every 0 < p < { and B be an a-inverse.strotrgly monotone

mapping of C into If, and E be a ma:<imal monotone operator on I/ such that
O: F({S"})n(B+E)-t(0) + a. Let / be ax - Lipschitzian continuous

operator on If with rc > 0. Suppose that {a"} is a sequence in (0, 1) satisfying
Iim.-- o' : 0 and D,_a, "" : oo, {)"} is a sequence of positive real numbers
satisfying 0 < Iiminf"--,\" ( Iim sup"-- \^<2a, ard0 <? < ?/rc. Assume

one of the following conditions hold:

(i) {8"} is a sequence in (0, 1) satisfying

0 < lim inf p" ! lim sup B" < 1.

(ii) {S"} is a strongly quasinonexpansive sequences and {p"} is a sequence in
(0, 1) satisfying lim sup,,__ B,. < l.

Let {o"} defined by

rt:reC,
y" : Pc (a"t f (x") + (1 - a"A)((I + l"r)-r (1 - )"8))c"),
a^a1 : Ps(P^x^ + (t -,6")&y"), Vn € N.

Then the sequence {r"} converges strongly to an element ra € O and the
following inequaiity holds,

(hj - A)w,p-?r) <0, Vpe 0.



REFERENCES



45

REFERENCES

[1] Aoyama, K. "An iterative method for fixed point problems for sequences

of nonexpansive mappings", Fixed Point Theory and Applications.
1-7, 2010.

[2] Aoyama, K., and Kimura, Y. "Strong convergence theorems for strongly
nonexpansive sequeuces", Appl. Math. Comput. 7 537 -7U5, 20LL.

[3] Aoyama, K., Kimura, Y., Tal<ahashi, W. and Toyoda, M. "Approximation
of common fixed points of a coutable fa.rnily of nonexpansive

mappings in a Ba.nach spaces", Nonlinear Anal. 235G2360, 2007.

[4] Aoyama, K., Kimura, Y., Takahashi, W. and Toyoda, M. "On a strongly
nonexpansive sequence in Hilbert spaces", J. Nonlinear Convex
Anal. 471-489, 2007.

[5] Browder, F. E. "Nonlinear maximal monotone operator in Banach space",

Math. Anal. 89-113, 1968.

[6] Browder, F. E. and Petryshyn, W. V. "Construction of fixed points of nonlinea.r

mappings in Hilbert space" , J. Math. Anal. Appl. L97-228, 1967.

[7] Bruck, R. E. and Reich, S. "Nonexpansive projections and resolvents of accretive

operators in Banach spaces", Hoston J. Math. 459-470, 1977.

[8] Cianciaruso, F., Marino, G., Muglia, L. and Zhou H. "Strong convergence of
viscosity methods for continuous pseudocontractions in Banach

spaces", J. Appl. Math. Stoch. Anal. 11, 2008.

[9] Combettes, P. L. and Hirstoaga, S.A. "Equilibrium programming in Hilbert
space", J. Nonlinear Convex Anal. 117-136, 2005.

Gobel, K. and Kirk, W.A. "A fixed point theorem for asymptotically
nonexpansive mappings", Proc. Amer. Math. Soc. 177-174,7972.

Halpern, B. "Fixed points of nonexpanding maps", Bull. Amer. Math. Soc.

957-961, 1967.

[12] Itoh, S. and Takahashi, W. "The corrmon fixed point theory of singlevalued
rnappings and multivalued mappings", Pacific J. Math. 49&508,
1978.

[13] Kreyszig, E. Introductory frrnctional analysis and application. New York:
John Wiley and sons, 1978.

[10]

[11]



REFERENCES (CONTINUED)

[1a] Lin, J. and Takahashi, W. "A general iterative method for hierarchical variational
inequality in Hilbert sparts and applicatiorn,,,
PositMty to appear. Springer Basel AG. 42*452,2012.

[15] Mainge, P. "The viscosity approximation process for quasi-nonexpansive
mappings in Hilbert spaces", Comput Math Appl. 59(I) : Z+79,
2009.

[16] Marino, G. aod Xu, H. "An general iterative method for nonexpansive mapping
in Hilbert space", J. Math Anal Appl. 318. 4&b2, 2006.

[17] Megginson, R. E. An introduction to Banach space theory. New York:
Springer, 1998.

[18] Moudafi, A. "Viscosity approximation methods for fixed points problems",
J. Math. Anal. Appl. 4&55, 2000.

[19] Nakajo, K., Shimoji, K. and Ta]ahashi, W. "strong convergence theorems by
the hybrid method for families of nonexpansive mappings in Hilbert
spaces", Taiwanese J. Math. 33$360, 2006.

[20] Peng, J. W. and Yao, J. C. "A viscosity approfmation scheme for system of
equilibrium problem nonexpansive mappings and monotone
mappings", Nonlinear Anal. 6001-6010, 2009.

[21] Rattanaseeha, K. "The general iterative methods equilibrium problems and fixed
point problems of a countable fammily of nonexpansive mappings
in Hilbert spaces", Journal of Inequalities and Applications.
153, 2013.

[22] Reich, S. "A timit theorem for projections", Linear Multi. Algebra. 287-290,
1983.

[23] Reich, S. "Some problen:s and rcsults in fixed point theory,,, Contemp. Math.
179187, 1983.

[24] Saejung, S. "Halpern's iteration in Banach spaces", Nonlinear Anal. 341]3439,
2010.

[25] Saejung, S. and Yotkaew, P. "Approximation of zeros of inverse strongly
monotone operators in Banach spaces", Nonlinear Anal. 242-750,
2012.

46



126l

l27l

[28]

i2el

[30]

[311

[32]

[33]

[34]

l35l

REFERENCES (CONTINUED)

Suzuki, T. "Moudafi's viscosity approximations with Meir-Keeler contractions",
J. Math. Anal. Appl. U2-352,2007.

Takahashi, S., Takahashi, W. a.nd Toyoda, M. "Strong convergence theorems for
ma>rimal monotone operators with nonlinear mappings in Hilbert
spacee", J. Optim. Theory Appl. 27-41,2010.

Takahashi, W. Introduction to nonlinear and convex analysis. Japan:

Yokohama Publishers, 2009.

Takahashi, W. Nonlinear functional analysis. Japan: Yokohama Publishers,
1998.

Takahashi, W. "Weak and strong cotrvergence theorems for farnilies of
nonexpansive mappings and their application" , Proceedings of
Workshop on Fixed Point Theory Kazimierz Dolny. 277-292, 1997.

Tian, M. "A gerneral iterative method based on the hybrid steepest descent

scheme for nonexpa.nsive mappings in Hilbertspaces" , Intenational
Conference on Computational Intelligence and Softwa.re Engineering,
2010.

Tian, M. and Jin, X. "Strong convergent result for quasinonexpansive
mappings in Hilbert spaces", Fixed point theory and Appl.
2011:88, 2011.

Tian, M. and Jin, X. "A general iterative method for quasinonexpansive

mappings in Hilbert spaces", Inequalities and Appl. 38, 2012.

Nilsrakoo, W. and Saejung, S. "Strong convergence theorem for a countable
family of quasilipschitzian mappings and its applications",
J. Math. Anal. Appl. 1541-167, 2009.

Nilsrakoo, W. and Saejung, S. "Weak convergence theorem for countable family
of Lipschitzian mappings", J. Computational. Appl. Mathematics,
2008.

Wittmann, R. "Approximation of fixed point of nonexpansive mappings", Arch,
Math. 58G491, 1992.

[36]



48

R.EFERENCES (CONTINUED)
i

_ t37] Wongchan, K. and Saejung, S. "On the strong coovergence of viscosity
approximation process for quasi-nonexpansive mappi''gs
in Hilbert space6,,, Abstr. Appl. Anal. Art. 9, 2011.

[38] Xu, H. K. "terative algorithm for nonlinear operators", J. Lond. Math. Soc.

t-17,2002.



APPENDIX



R3SEARCH PUBLICATIONS

[1] Sosawang, T., Nilsrakoo, W. and Inprasit, U. "Strong convergence theorems

for a pair of strongly qua.slnonexpansive sequences

in Hilbert spaces", Proceedings of AMM 2012. 23t248, 2012'

[2] Sosawang, T., Nilsrakoo, W. and Inprasit, U. "A General iterative method for

finding a collmon 6xed point of quasi-nonexpa.nsive sequences

in Hilbert spaces", Proceedings of AMM 2013. 261276, 2Ol3'


